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RT@CF·p_aTFUsfFUqQZ[jC¸FE²QkdDp_Y[F'«bX'j_F·sfXd^CYnq@Ck5®dFÊkmpCp_Y[ZnF/q RT@CF "()+"" aT^_YnF Z[jCPSRTFUkdqXmKRT@_F
()*+,",$" ar^_YnFd«5RT@O^CParFEZnj8RTarXOq_^CsfZnj_Rr@_FAsfXdj6PeRrarkdZ[j8R  > =1 RT@CkmR¬AkdPFEYnZ[DZnjCkRrF/q+kRRT@_FiXd^CaSRr@PSRTF/p#¯º»j7 z4« 5V:qQFEj_j6kdqQ@_F/a)'Z[®'F/P­arF )CjCF/q Xdp!FEalkRrZ[X'jCkmY#PTFEDkmj8RrZns/PART@CkmRhkmarFDXdarF| kmZ[RT@Q^CYRrXRT@_F
k'sRr^CkmY8Z[Dp_YnFEDF/j'RlkRrZ[X'jHXmg©)o¯5º»j+pCkmaTRTZ]sf^_Y]kmaRT@_FAp_arFE®OZnXd^CPV6F/@Ck5®OZ[X'^_aZnP%k5®dX'Znq_F/q|VONaTFUPeRraTZ]sRrZ[jC
Rr@_F)kdp_p_YnZns/kRTZnXdjXd#kaT^CY[FX'j_YnNWX'jCsfFX'jRT@_FhPTkdD+FhsfXdj6PeRrarkdZ[j8RrP/¯?A@CFhPT^_VQceF/sfRbarF/qQ^CsfRTZnXdjRr@_FEX'aTF/DP
'Z[®'FEj|Znj|RT@_FbXdYnY[X¬­Znj_PTF/sRrZ[X'jCPFE²OpCaTFUPTP:Rr@CkRdZn®dFEjk­¬FEYnY[±<ReNOp!F/q|p_arXd'arkdD «UkRTalkmjCPTZ[RTZnXdj|XQsEsf^CaTarZ[jC
arXdD k¬FEYnY[±<ReNOp!F/qyPSRrkmRTFHYnF/k'q_P)RTXk=¬iF/Y[Y[±<ReNOp!F/qyPSRrkmRTF'¯)º¨R|ZnPh¬iX'aSRr@·j_XmRrZ[jC=RT@6kRKRT@_F/NRr@O^CP)@CXdY]q
kdYnPTX+Z[j RT@CF/PTFD+X'aTFKarF/kmYnZ]PeRrZns|PTFEDkmj8RTZ]sEP/¯
@)A 8B@-C
  ¦  ¨¦
	fm#)£ 
  	
	
 @CFEj RT@_F@CX'PSRAY]kmjCd^CkddFKV6F/Y[X'j_'PAZ]PksfX'jCPeRrarkdZ[j8RAY[X'dZ]sKp_aTX'dalkmDDZ[jCHY]kmj_'^Ckm'F
CLP (X )
n}Uz%¨«
Z[RZnP+p!X'PrPSZnV_YnFRrXRTZnd@8RTYnN¼Z[j8RrFEdalkRrFÊg©ho RrX¸Rr@_FÊ@_X'PSRYnkdj_d^CkddF'¯ ?X¸RT@_Z]PFEj6q« Ca_@O¬­ZnaSRr@  4
pCaTX'p6X8PSFUq¼RTX¼FE²ORTFEj6qg©ho¶¬­ZÂRr@ÁRT@_FysEXdjCPSRTar^CsR
label  with
^CPSFUqRTX¼qQF )6j_F¸g©)osfX'jCPSRTalkmZnj'RlP
VONg¾` sEYnkd^CPTF/P/¯  F arF/s/kmYnYA@_FEarFRr@_F·PSNOj8Rrkm² kmjCqXdp!FEalkRrZ[X'jCkmYAPTFEDkmj8RTZ]sEP+Xd)RT@CZnPFE²8RrFEjCPTZnXdj#¯
 Fyj_XdRTF
SF
§arF/PTp#¯
SP
ª+RT@CFwPSFER=Xm|^_jCsfRTZnXdj½§ aTFUPSp#¯ p_arF/qQZ]sEkmRTFUªPTNODHV!XdY]PE«dZn®dF/jÁ¬­ZÂRr@ÁRT@_F/Z[a
kdaTZ[ReNd«:kmj6q
V
RT@_FPTFfRhXdb®kmarZnkdV_YnF/P/¯ 5)j »4	ZnPhFEZ[RT@_F/ak=jCkmRTZn®dFWsEXdjCPSRTalkmZnj8R/«k g©hosEXdjCPSRTalkmZnj8R
X'aXmhRT@_FÊX'aTD
p(t1, . . . , tn)
«A¬­@_FEarF
p/n
ZnPk pCaTX'dalkmD p_arF/qQZ]sEkmRTF·PSNODWV6X'Y<¯ ?A@_F·qQFUsfY]kmalkRrZ[X'j
label  with c(t1, . . . , tn) if G1, . . . , Gj
Ff²Qp_arF/PrPSFUP4RT@6kR
G1, . . . , Gj
Z]PikHd^Ckdarq+X'abRr@_FKsEYnkd^CPTF/P3Xd
Rr@_FWg©)o°sEXdjCPSRTalkmZnj8R
c/n
¯
! Ä#"$%  % È	$   Y]kmV!FEYnZnj_qQF/sEYnkdarkmRTZnXdj fHÊ#)£5lm_<rC
H
]m¸¦(  T¦l   |)(_¦ f	*
label  with H if G1, . . . , Gj
- (C¦fr¦
G1 . . . , Gj
]H l M¥Q	E< m !m<! ¦9lm_<rC<+:
% [m¥Of¦fWr¦W |-(C¦ fm	*
H  B1, . . . , Bn
- (C¦fr¦
H
 »4	 rmT¦f  :O¢w¦E-(C¦f»·  T¦l lm¨¦+¨·#)£ lC<TmC 6 ¥Q­!m¨Ê:! 5¦ lClTmC  !
B1, . . . , Bk
]Hf¦4E¥C¦f7l¦H W»4	W :
! Ä#"$%  % È	$  (C¦+T¦f n ¼TCl  6 ¦f -b¦l¦fÁ#)£ ¨m¨¦f¤]+¦d»¦E!d¦l 6  )(_¦+ -b fm  [4-4O¢¥Q n¦+*
$ SÈ - É
〈H ′ ∧ F, E, D〉 7−→ 〈B ∧ F, E, H = H ′ ∧ D〉 
(H  B)
]
P
T¦E!	¦l$-4-(&lT¦ (  5m  6  [¦f :
H
]!mw#)£5lClTmC :
 Q Ä -
〈F, H ′ ∧ E, D〉 7−→ 〈B ∧ F, E, H = H ′ ∧ D〉 
(H  B)
:U
label  with H ′′ if G W mT¦= P T¦f:4	¦l -4)( lT¦f (   6  [¦f  m!
X |= ∃x̄(H ′ = H ′′ ∧ G)
?A@_F$ SÈ - É RTalkmjCPTZÂRrZ[X'jÊZnPsEY[X8PSFKRrXRT@_FWgAGQ¾½arF/PTXdYn^QRTZnXdj ar^_Y[F n}Uz%¨¯i?A@CF¤qQZ:FEarFEj6sfFZ]PART@CkmR/«
^CjCqQFEagAGQ¾ arF/PTXdYn^QRrZ[X'j#«dRr@_F|sfXdj6PeRrarkdZ[j8RrPbZ[jRT@_FKV!XOq_N+Xd#RT@CFharF/PTXdYn®OZ[j_¤sEYnkd^CPTFhkmarFhk'q_qQFUqRTXWRT@_F
j6kRTZn®dF=sEXdjCPSRTalkmZnj8R¤PeRrXdarFkdjCqRT@CFaTFUPS^_Y[RTZnj_yPSRTX'aTF'«Z¯ F'¯
H = H ′ ∧ D ∧ C
«DH^CPSRHV!FPTkmRTZ]P )!kmV_YnFd«
¬­@CZnsl@yZ]Phj_XmR|qQFEDkmj6qQF/qw@_FEarFd¯K?A@_Fg¾` sfY]km^6PSFUPX'ag©ho½sfX'jCPeRrarkdZ[j8RlP)sEkdjyXdjCY[NÊV!FW^CPTF/qyZ[jwk
 Q Ä - RrarkdjCPSZ[RTZnXdj«arF/\8^_ZnaTZnj_ RT@6kRHRr@_F='^Ckmalq_P¤qQFUsfY]kmarF/q^CPTZ[jC
label  with
kdaTFZnDp_YnZ[FUq¼VONwRr@_F
sE^_araTF/j'RAjCkmRTZn®dFsfX'jCPeRrarkdZ[j8RPSRTXdarFd¯
88:94;<<=<
  		6¥C¦f 43f¥C¦E  T	Um]  /¢'¦f
  ¸ 

  G"G D 8<*>@? G ;?  :'  8;:6G0 G0*:ED ?	  :
 ?'G0 A <':
GQZ[jCsEFg©hoZ]Pkdj=Ff²ORrFEjCPTZ[X'j=Xmk¤@_X8PeRYnkdj_d^CkddF'«dRr@_F)ReNOp!FhPTNQPeRrFED ¬F)p_arXdp!X'PTFZ]Pip6kmalkmDFfRrFEarZ[´/F/q
VON|Rr@_FReN8p!F­PSNQPSRTF/D «dj_XmRrF/q
`N
«'Xm_Rr@_FA@_X'PSR4Ynkdj_d^CkddF'¯  FA¬­ZnY[YQDkd¹dFiRT@_FXdYnYnX¬­Z[j_|kdPrPT^_DpQRTZnXdjCP
X'j
`N
¯
 FHPT^_p_p!X'PTFRT@CkmR
`N
Z]P­VCk'PSFUq Xdjyk+ReNOp6FWkmYndFEVCarkC«ORT@_FHPTFfRhXmReN8p!F/P)V6F/Z[jCj_XmRrF/q
T
¯A?bNOp!F/P
kdaTFj_XdRTFUq¸^6PSZnj_ÊRT@CF=Y[FERSRrFEa
τ
¯Ê?bNOp_Znj_·F/j8®OZnaTX'j_DFEj8RrP/«#j_XdRTFUq
Γ
«k'PTPTXQsfZ]kRTF+ReNOp!F/P|RrX·®5kdaTZ]kmVCY[FUPE¯
 Zn®dF/j kdjFE²Qp_aTFUPTPTZnXdj
t
kmj6q kWReNOp_Znj_FEjO®OZ[arXdjCD+F/j8R
Γ
«
`N
Z]P­^CPTF/qRTXqQFUqQ^CsfF|ReNOp_Znj_Kce^CqQ'DFEj8RrP
Xd3RT@CFWX'aTD
Γ `N t : τ
¯GOZnD+ZnY]kmarY[N'«
`N
ZnP|^6PSFUq·RTXÊqQFUqQ^CsfF -b¦E  0/»  ¦l¸sfXdj6PeRrarkdZ[j8RrPhZnj¸kReN8pCZ[j_
F/jO®8ZnarXdj_DFEj8R
Γ
«k·sfX'jce^_jCsfRTZnXdj
C1 ∧ . . . ∧ Cn
XmAjCkRrZ[®'F=sfX'jCPeRrarkdZ[j8RlPhV!FEZnj_·¬FEYnYÂ±ReNOp6FUqZ[j
Γ
Z[
X'aF/k'sl@
i ∈ {1, . . . , n}
«
Ci
Z]P¬FEYnYÂ±ReNOp6FUqwZnj
Γ
¯  Fj_XmRrF
Γ `N C Atom
«RT@_F k'sR|RT@CkmR
C
Z]P
¬FEYnY[±<ReNOp!F/q Z[j Rr@_FReNOp_Znj_FEjO®OZ[arXdjCD+F/j8R
Γ
¯  FHkmY]PTXk'PTPT^_DF|RT@6kR­RT@CF¤F/\8^CkdY[Z[ReNsEXdjCPSRTalkmZnj8R
s = tV!FfRe¬FEF/j
s
kdjCq
t
ZnP¬FEYnYÂ±ReNOp6FUq¤Znj
Γ
Z[CRT@CFEarFiFE²OZ]PSRrP%khReN8p!F
τ
PT^Csl@¤Rr@CkR
Γ `N s : τ
kmjCq
Γ `N t : τ
¯
 Fk'PTPT^_DFRT@6kR¤Rr@_F^_jCZ[X'j XmAReNOp6FFEjO®OZ[arXdjCD+F/j8RrPX®'FEa¤qQZ]PceX'Z[j8RPSFERrP¤Xd­®5kdaTZ]kmVCY[FUPHsEkdj¼V6F
X'aTDFUq¬­ZÂRr@kmjXdp!FEalkRTZnXdjjCXmRTFUq
]
PT^Csl@RT@6kRAZÂ
Γ `N t : τ
Rr@_FEj
Γ]Γ′ `N t : τ
XdaAkmjONHReNOp_Znj_
F/jO®8ZnarXdj_DFEj8R
Γ′
qQZ]PceX'Z[j8R­arXdD
Γ
¯  F¤kmY]PTX=kdPrPS^_DFKRT@6kR)Z[3ksfXdjmce^_jCsRrZ[X'jÊXm4jCkRrZ[®'FsfXdj6PeRrarkdZ[j8RrP
C
Z]P|¬iF/Y[Y[±<ReNOp!F/q¸Z[j¼k ReNOp_Znj_ÊFEjO®OZ[arXdjCD+F/j8R
Γ
kmj6q
CT |= C ⇔ D
«#Rr@_FEjRT@CFEarFFf²QZnPSRrPkReNOp_Znj_
F/jO®8ZnarXdj_DFEj8R
Γ′
«CPT^Csl@Rr@CkR­Rr@_F¤sfX'jce^_jCsfRTZnXdjÊXm%sfX'jCPeRrarkdZ[j8RlP
D
Z]P­¬FEYnYÂ±ReNOp6FUqZnj
Γ ] Γ′
¯
     8;:   G0*:ED 	 ? < 
	
?A@CFhReNOp!F¤PSNQPSRTF/D ¬iF|p_arXdp!X'PTFKXdahg©ho qQF#)Cj_FUPk+j_XmRrZ[X'jXd¬FEYnYÂ±ReNOp6FUqQj_FUPTPiXdahg©hoÀaT^_YnF/P/¯4?X
FUkdsl@Hg©)o sfXdj6PeRrarkdZ[j8R#PSNODWV6X'Y
c/n
Z]Pk'PTPTXQsfZ]kRTFUq)X'j_Fd«kdjCq|Xdj_YnN)X'j_Fd«UReNOp!F3XmORT@CF3XdarD
τ1×. . .×τn
¯
?A@CZnP=ReN8p!FyZ]Pk'PTPT^_DF/q RrX V6F )_²QF/q«­X'a=Ff²_kdD+pCY[Fy^6PSZnj_ PTXdDFyqQFUsfY]kmalkRTZnXdj6Pp_arX®8Z]qQFUqVONRT@_F
pCaTX'dalkmDDFEaU¯$"hjCF=sEkmj arFEDkmar¹·Rr@CkRRr@_F=YnZ[DZ[RrkRrZ[X'j RTX·X'j_FReNOp6FX'a¤F/k'sl@sEXdjCPSRTalkmZnj8RPTNODHV!XdY
pCaTF/®dFEj8RlP4RT@CFh^CPTF)XdReNOp6F|PTsl@CFEDF/P/«8PT^Csl@k'P3Rr@_X'PTF)^6PSFUqXdapCkmalkmDFERTarZns­p!XdYnNODXdarp_@_Z]PSD:[}   ¨¯#_Xda
FE²_kmDp_YnFd«OZÂRZ]PXdarV_Z]q_qQF/j=RTX'Z[®'F)Rr@_FKReN8p!F
∀α.list(α) × list(α) × list(α))
RrX+k=g©)oÀsfX'jCPSRTalkmZnj'R
(%)*2 /3 «V!F/s/km^CPTFiZ[R%ZnPF/\8^_Zn®kmYnFEj8RRrXh'Z[®'F3Z[R4kdY[Y'RT@CFbReNOp!F/PXm_Rr@_FiXdarD list(τ)×list(τ)×list(τ) ¯?A@CZnPiaTFUPeRraTZ]sRrZ[X'j=Z]PiDXdRTZn®5kmRTFUq=VON+RT@_FKFf²_kmDp_YnF.¤dZn®dF/j=V!FEYnX¬«8¬­@CZnsl@PT@_X¬PbRT@CkmRiRr@_F|kmYnY[X¬AkmjCsEF
XdReNOp!F¤PTsl@_F/DF/PAZnjyg©hoÀ¬iX'^_YnqDkm¹'F)Rr@_F|ReNOp6F¤PTNQPeRrFED ZnjCsfX'jCPTZnPSRTF/j'RU¯
?A@_FÊar^_YnF/PWXmRr@_F ReN8p!FÊPSNQPSRTFED X'ag©)o kdaTF dZn®dF/j Znj RrkdV_YnF}'¯65g©ho sEXdjCPSRTalkmZnj8R
H
ZnP
-b¦E  0/»  ¦l¸Znj
Γ
Z[iRr@_F|ce^CqQ'D+F/j8R
Γ ` H Atom
sEkdj¸V!FqQFEarZ[®'F/qwaTX'D RT@CFWReNOp_Znj_Êar^_Y[F'¯?F/aTDP
X'a|Ff²Qp_arF/PrPSZnXdjCPKkmpCp6FUkmarZ[j_ kdP|kmard^CD+F/j8RrPKXm3Rr@_F=sfX'jCPSRTalkmZnj'RlPhkdaTFWReNOp6FUqw^6PSZnj_RT@_F+ReNOp6FPTNQPeRrFED
`N
X'abRr@_F|@_X'PSRiY]kmjCd^CkddFd¯%?A@_FKaT^CY[F
(Simpl CHR)
FE²OpCaTFUPTPTF/PbRT@CkmRAkg©)o aT^CY[FKZnP -b¦E  0/»  ¦lZ[
Z[RrP)@_F/k'q«CZ[RrP)d^CkdarqÊkdjCq ZÂRlPV!XOq_N kdaTF¬FEYnYÂ±ReNOp6FUqÊZ[jÊRr@_FHPrkmDF|ReNOp_Znj_=FEjO®OZnaTX'j_DFEj8R
Γ
¯ 5 g©ho
pCaTX'dalkmD ZnP¬iF/Y[Y[±<ReNOp!F/qZÂ4kmYnYZ[RrPsEYnkd^CPSFUP­kmarFh¬FEYnY[±<ReNOp!F/q¯
?A@_FXdYnY[X¬­Znj_|Y[F/DDk¤Ff²Qp_arF/PrPSFUPRT@CkmR3RT@_F)¬iF/Y[Y[±<ReNOp!F/qQjCF/PrP%XmdX8kmY]P%ZnP4pCaTFUPSF/aT®'F/qWV8NWFf²ORTF/jCPTZ[X'j
XdRr@_FFEjO®OZ[arXdjCD+F/j8R'*
iÄ    K¦E
G 6 ¦W+¢8/m %m! Γ   8¢Ê¦f  /r	¦ECil¥ 4(y-(C Γ ` G Goal :K¦f Γ′ 6 ¦W  O¢¦E UTm	¦f63¥  (·-(C
Γ ] Γ′
]¤'¦ ;b!¦l2:  (_¦E
Γ ] Γ′ ` G Goal
:
@)A 8B@-C
  ¦  ¨¦
	fm#)£  
(Native)
Γ `N C Atom
Γ ` C Atom
Z[
C
Z]P­kWj6kRTZn®dFsEXdjCPSRTalkmZnj8R
(CHR Atom)
Γ `N t1 : τ1 . . . Γ `N tn : τn
Γ ` c(t1, . . . , tn) Atom
Z[
c/n
k=g©)o°sEXdjCPSRTalkmZnj8R
kdjCq ZÂ
c/n
@CkdPReNOp!F
τ1 × . . . × τn
(Goal )
Γ ` B1 Atom . . . Γ ` Bn Atom
Γ ` B1, . . . , Bn Goal
(Simpl CHR)
Γ ` H1, . . . , Hi Goal Γ ` G1, . . . , Gj Goal Γ ` B1, . . . , Bk Goal
` H1, . . . , Hi =0> ? G1, . . . , Gj | B1, . . . , Bk Rule
?kmV_YnF}+*4?iN8p!F¤PTNOPSRTF/D Xdahg©ho
   È#È4S  NZnjCqQ^CsfRTZnXdj XdjRT@_FqQF/aTZn®kRTZnXdj kmjCqVON^CPTZ[j_WRT@CF|k'PTPT^_DpQRrZ[X'j=RT@6kR­ZÂ
Γ `N t : τ
Rr@_FEj
Γ ] Γ′ `N t : τ
X'akmjON=FE²OpCaTFUPTPTZ[X'j
t
¯

?A@_F¤sEXdjCPTZ]PeRrFEjCsENXmRr@_F|ReNOp6FPTNQPeRrFED ¬¯ a/¯ R/¯%Rr@_FXdp!FEalkRrZ[X'jCkmY:PTFEDkmj8RTZ]sEPAXd4g©ho Z]PAdZn®dF/jVON
Rr@_FhXdYnY[X¬­Znj_WPT^_VQceFUsRAaTFUqQ^CsfRTZnXdj=Rr@_FEX'aTF/DÊ«8¬­@CZnsl@Ff²Qp_arF/PrPSFUP4RT@6kRART@_FK¬FEYnYÂ±ReNOp6FUqQj_F/PrPXm'X'kdYnPbZnP
pCaTFUPSF/aT®'F/q=VONRrarkdjCPTZÂRrZ[X'jCP
*
 ÄOÈ  Ä  K¦f
P 6 ¦w7-b¦f  0/»  ¦rh£  Tr¢mr4	:JK¦E 〈F, E, D〉 : 〈F ′, E′, D′〉 6 ¦y -b»»¦K¥  (·-(C
〈F, E, D〉 7−→ 〈F ′, E′, D′〉
:	 |)(_¦ET¦W¦'] ¤  O¢¦E UT 	¦EC
Γ
¥  (·-(C
Γ ` F, E, D Goal
 -(C¦f¸-(C¦fr¦W¦']l<¤  8¢Ê¦E UT 	¦EC
Γ′
¥ 4(Ê)(_m
Γ′ ` F ′, E′, D′ Goal
:

wmT¦l4 ¦f   ¤-(C¦¤TC< my¥Q [¦ rmC»C¤W¢m¥CmT
G
)(_¦E
Γ′ ` G Goal
:
   È#È4S  Ns/kdPTF|XdjRT@_F|RrarkdjCPSZ[RTZnXdj¯
O È -QP Ä  N¸@ONOp6XdRT@_FUPSZ]P/«
Γ ` D Goal
kdjCq
Γ ` C Atom
¯¸GOZnjCsfF
CT |= (C ∧ D) ⇔ D′
«4kmj6q
VONkdPrPT^_DpQRTZnXdj Xdj
`N
«bRr@_FEarF·Ff²QZ]PeRlPkReN8pCZ[j_ F/j8®OZnaTX'j_DFEj8R
Γ′′
PT^Csl@RT@CkmR
Γ ] Γ′′ `N
D′ Goal
¯  Np!X'PTZ[j_
Γ′ = Γ ] Γ′′
kdjCqV8NYnFEDDk·v_«¬iF=X'VQRrkdZ[j
Γ′ ` F, E Goal
«Rr@8^6P
Γ′ ` F, E, D′ Goal
¯
R+$ E È É Ä~?A@_Z]P)RTalkmjCPTZÂRrZ[X'jyXdjCY[N·DX®dFUP)k sfX'jCPeRrarkdZ[j8RarXdDRr@_F+dX'kdY#RrXRr@_Fg©hosEXdjCPSRTalkmZnj8R
PeRrXdarFd«ORr@8^6PART@_FarF/PT^_Y[RTZnj_PeRlkRTFZ]P­kmY]PTX+¬FEYnY[±<ReNOp!F/qZ[j
Γ
¯
O % 9- %TSÅ  N@ONOp6XdRT@_FUPSZ]PE«5Rr@_FAaT^CY[F
(H =0> ? G | B) ZnP¬FEYnYÂ±ReNOp6FUq¯?A@O^CP/«Rr@_FEarFiFE²QZnPSRrPkReNOp_Znj_FEjO®OZ[arXdjCD+F/j8R
Γ′′
PS^6sl@WRr@CkR
Γ′′ ` H, G, B Goal
¯  NHY[F/D+DkvC«dkmjCq+VONHp!X'PTZnj_
Γ′ = Γ]Γ′′
«
¬iF+XdV_RrkmZnj
Γ′ ` F, E, D Goal
kmjCq
Γ′ ` G, B Goal
¯Wº¨RKarFEDkmZnjCPhRTX p_arX®dFHRT@CkmR
H = H ′ZnPh¬FEYnYÂ±ReNOp6FUq·Z[j
Γ′
¯
H
Z]PhXm4RT@CFHX'aTD
c1(t
1
1, . . . , t
1
m1
), . . . , ci(t
i
1, . . . , t
i
mi
)
kmjCq
H ′
Xd4RT@_F
XdarD
c1(s
1
1, . . . , s
1
m1
), . . . , ci(s
i
1, . . . , s
i
mi
)
¯¾#FfR
l ∈ {1, . . . , i}
kdjCq
p ∈ {1, . . . , ml}
¯¾#FfR
τ1 × . . .× τml
V!FhRT@_FKReNOp6FhXm
cl
¯3GOZ[j6sfF
Γ′ ` cl(t
1
l , . . . , t
l
ml
) Atom
«Q¬iFh@Ck5®dF
Γ′ `N t
l
p : τp
¯
GOZnD+ZnY]kmarY[N'«
Γ′ `N s
l
p : τp
¯?A@O^CP
Γ′ ` tlp = s
l
p Atom
¯­?A@O^CP/«_¬iFHXdVQRlkmZnj
Γ′ ` B, F, E, H =
H ′, D Goal
kmjCq
Γ′ ` H = H ′, G Goal
¯

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6¥C¦f 43f¥C¦E  T	Um]  /¢'¦f
?A@_F=XdYnY[X¬­Znj_·Ff²_kdD+pCY[F=ZnYnY[^CPSRTalkRrF/P@CX¬Rr@_F=^CPTF=Xmk ReNOp!FPrsl@_FEDFXdaWk¸g©)o sEXdjCPSRTalkmZnj8R
PTNODHV!XdYDk5N=YnF/k'q=RrXsl@CF/sl¹kdjZnY[Y[±ReN8p!F/qÊsEXdjce^_j6sRTZnXdjÊXdsfX'jCPSRTalkmZnj'RlPE¯
   - Ä  K¦fK¥O5l¥	¦)(_|)(_¦l_T6 > = (_5=)(_¦  ¦+4(_¦
	¦ ∀α.α × α : K¦fK¥O¥   f¦W)(_m  (   :   (C4 ¦+  ¦ string  -(CÊ: (_ 5¦W  ¦ int  :=)(_mi)(_¦fE¦W -b  ¦Hr¦¤7r	   6  [¦ : K¦Eb¥O rm_ d¦E¤)(_¦H¥Q [¦*
"()+""0 > ='- > =1 >3> ?  >=1 &
m!H-(C¦­»»¦
〈true,
  (   > =  	  ∧  > =  , true〉 :  (Q]­l»»¦)] -b¦f  0/»  ¦r0:iW4-b¦
 5¦E) )m!¦)< ¦f» +    )(_¦H¥Q [¦ "()+*" -4-( !#"%$6&$'  :¦H:¦l¦r¨  (C¦  -(CA)(_¦ rm_T6b»T¦
!	   Â ¦  >   (   ∧ 3>    ∧ >  ∧ 1#>   - (Q  (]):3-b¦f   /»  ¦lrm_T6  6 ¦4l¥OE¦ 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6 m-(·  ¦ string : int :

   ¤   f  l  
º»jHRT@_Z]P4PTF/sRrZ[X'jH¬FkdaTFiZ[j8RrFEarF/PSRTF/qHZ[jHRT@_FApCkdaSRrZnsE^_Y]kma%sEkdPTFb¬­@CFEarFbRr@_FA@_X'PSRY]kmjCd^CkddF3Z]P%khsEXdjCPSRTalkmZnj8R
YnXd'Zns¤Ynkdj_d^CkddF'«CReNOp!F/qy^6PSZnj_=Rr@_F+p_aTFUPTsEaTZnpQRrZ[®'FReNOp6FPSNQPSRTF/D?)g¾` ¡%¨¯?A@_ZnPKPTNOPSRTF/DµsfX'DHV_Znj_F/P
p6kmalkmDFfRraTZ]sbp!XdYnNODXdarp_@_Z]PSDÊ«'PT^_VQReNOp_Znj_¤kdjCq+X®dFEarYnX'kdq_Z[j_)RTXX'VQRrkdZ[j+RT@CFCFf²QZnV_Z[YnZ[ReN¤RT@6kRbZ]P4j_F/F/qQFUq
X'aReNOp_Znj_g¾#` p_arXd'arkdDPRT@CkmRÊkdaTFwXdarZ['Z[jCkdY[YnN ^_j8ReN8p!F/q#¯º»j pCkmaTRTZ]sf^_Y]kmaU«PT^_VQReNOp_Znj_ Z]P^6PSFUq
X'a|ReNOp_Z[jCÊRT@_FPTZnDH^_Y[Rrkdj_FEX'^CP|^CPTFXm­qQZ:FEarFEj8RHsEXdjCPSRTalkmZnj8Rq_XdDkmZnjCP'*|XdaZnjCPeRlkmjCsEFd«RT@_F=arFEY]kRrZ[X'j
boolean ≤ int
kmYnYnX¬PHX'j_F=RrXPTFEFV6XOXdYnF/kdjCP+kdPWZ[j8RTF/dF/arP/«3kmjCq¼RT@O^CPWRTX¸ReNOp6FÊsl@_F/sl¹ sfX'jCPSRTalkmZnj'RlP
sEXdDWV_Z[jCZ[j_V!XOXdYnF/kmjÊ®kmarZ]kmV_YnF/PA¬­Z[RT@·Znj8RTFE'FEa­®kmarZ]kmV_YnF/P§<PS^Csl@·k'PAZ[jykPT^_D XdV!XOXdYnF/kdj ®kdaTZ]kmV_YnF/Plª¯
GQ^_VQReNOp_Znj_ Z]PÊkmY]PSX^CPSFUqÁXda Rr@_FwReNOp_Znj_XmHp_arXd'arkdDP^CPTZ[j_DFfRrkm±pCaTX'dalkmDDZ[j_ RrF/sl@_jCZn\8^_FUP
*
Rr@_FwarFEY]kRrZ[X'j
list(α) ≤ term
kdY[YnX¬PX'j_FyRrXPTFEFy@_X'DXddF/j_FEX'^CPYnZnPSRrP kdP=RTF/aTDP kmjCqÁRrX kmpCp_Y[N
q_F/sfX'Dp6X8PSZ[RTZnXdj p_arF/qQZ]sEkmRTF/PiRrXRT@_F/D «6PS^Csl@ÊkdP $#")3$ /3 « ($ /3 Xda > &"& /2 ¯º»j ¡'¨«/Rr@_F4ReNOp!F3PSNQPSRTFED XmQ?)g¾#`·Z]Pp_arX®dFUqhsEXdjCPTZnPSRTF/j8R#¬¯ aU¯ RU¯RT@CFgAGQ¾  Ff²QF/sE^QRTZnXdj|DXQqQFEY[}5z%«
¬­@CZnsl@=Z]PAkmj kmVCPSRTalkdsfRbDXOq_FEY:XmFE²QF/sf^_RTZnXdjpCaTXQsfF/F/qQZnj_¤VON=sEXdjCPSRTalkmZnj8Rkds/sf^_DW^_Y]kRTZnXdj¯º»jpCkmaTRTZ]sf^Q±
Y]kmaU«5RT@CFARTalkmjCPSXdarDkRTZnXdj6P#Rr@CkR3sEkdjWV!FADkdqQFAVONRT@CFsfXdj6PeRrarkdZ[j8R4PSX'Y[®'FEa%kmarFij_XdR3sfXdj6PSZ]qQFEarF/q#¯º»j+RT@_F
X'Y[YnX¬­Znj_C«¬F­kdPrPS^_DFRT@6kR4RT@CFPSX'Y[®'FEaXda4jCkmRTZn®dF­sfX'jCPSRTalkmZnj'RlPXdj_YnN¤p!FEaTXdarDP4PTZnD+pCY[Z*)6sEkmRTZnXdjCPRr@CkR
pCaTFUPSF/aT®'F+¬FEYnY[±<ReNOp!F/qQj_FUPTP/«4kds/sfXdalqQZnj_ RTXwRT@_Fk'PTPT^_DpQRrZ[X'jCP¤Xd­PTF/sfRTZnXdj6C¯[}'¯y?A@_ZnPWsEkdj¼V6FXdVQRlkmZnj
F/ZÂRr@_FEahVON ^6PSZnj_k=ReN8p!F/qyFf²QF/sE^QRTZnXdj·DXQqQFEY«kdP)p_aTX'p6X8PSFUqÊZ[j  '¨«:XdaU«CZnjyRr@_FWs/kdPTF¤Xm%RT@CFWFU\'^6kmYnZÂReN
sEXdjCPSRTalkmZnj8R/«OVON=^CPTZ[jCD+XQqQFUPRTX )_²RT@_F¤q_kmRrkCX¬ n}/v(¨¯
ZnarPSR/«¬iFpCaTFUPSF/j'RRr@_FReNOp!FkmYndF/V_ark ^CPTF/qZnj RT@_FPSNQPSRTFEDÊ«RT@_F/j¼¬iFarF/s/kmYnY%RT@_F=ReN8pCZ[j_waT^_YnF/P
X'aKg¾#`%«CRTXd'FfRr@_FEa¬­Z[RT@yk+ReNOp_Znj_ar^_YnF|Xda­Rr@_F¤Y]kmV!FEYnZ[j_qQF/sEYnkdarkmRTZnXdj
label  with
¯A?A@_F¤arF/PT^_Y[RTZnj_
PTNQPeRrFED Z]P­p_arX®dF/jsEXdjCPTZnPSRTF/j8R¬¯ a/¯ R/¯%Rr@_FWg¾#`A¿g©)oÀFf²QF/sE^QRTZnXdj DXQqQFEY¯
<   8;:  *<  F	 <:
 FHsEXdjCPTZnq_FEakpCkdaSRrZnkdYXdalqQFEa
(K,≤K)
Xd  ¦ lm_<¥ E»l«C'Z[®'FEj ¬­ZÂRr@ÊRT@_F/Z[aKkmarZÂReN'¯i?A@_FHPTFfR
TXdReNOp!F/P­Z]PRT@_F¤PTFfRXd )CjCZÂRrFXda­Znj )Cj_Z[RTF|ReNOp!F/P­V_^CZ[Y[RXdj
K
¯
@)A 8B@-C
  ¦  ¨¦
	fm#)£ }'}
O  Å  % $  	Ä - _ % È	$ ?A@_F^CPTFXm­PS^_V_ReN8pCZ[j_ X'aD+FERrkm±p_arXd'arkdDD+Znj_p_^_arp6X8PSFUP|aTFU\'^CZ[arF/PhRTX
sEXdjCPTZ]qQFEa|arFEY]kRTZnXdj6PhYnZn¹dF
list(α) ≤ term
¯?A@_Z]P|XdarD XmAj_X'jQ±¨PSRTar^CsfRT^_alkmYj_Xdj_±@_X'DXddF/j_FEX'^CPKPS^_V_±
ReNOp_Znj_·YnZ[jC¹OPHqQZ:FEarFEj8RHsEXdjCPSRTar^CsRrXdalP|Xm­qQZ !F/aTF/j'RHkdaTZ[RTZnF/P/¯ GQ^Csl@¼PS^_V_ReN8pCZ[j_·arFEY]kRrZ[X'jCP|arF/\8^_ZnaTF+RTX
FE²Qp_aTFUPTPhRr@_FsfXdararF/PTp6X'jCqQFEj6sfFHV!FfRe¬FEF/jwRr@_FqQZ !F/aTF/j'R¤kdaT'^_DFEj8RrPKXmiReNOp6FsfX'jCPSRTar^CsRrXdalPE¯CXda|Ff²O±
kdDp_Y[F'«mVONH¬­arZÂRrZ[jC
k1(α, β) ≤ k2(β)
«'¬F­PSp!F/sEZÂNHRT@CkmR4ReNOp6FUP4V_^_ZnYÂRi¬­ZÂRr@
k1
kdaTF­PT^_VQReNOp6FUP4Xm6RT@_X8PSF
VC^_Z[Y[R)¬­Z[RT@
k2
«_pCaTX®OZ]qQF/qRT@CkmRRT@CFHPSFUsfX'jCqkdaT'^_DFEj8R­Xm
k1
ZnPkPT^_VQReNOp!FXm%RT@CF¤kmard^_DFEj8R­Xm
k2
«
Rr@_F )CalPSRhkmard^_DF/j'RXd
k1
V6F/Z[j_XdardXdRSRTF/jÊZ[jÊRr@_FWPT^_VQReNOp_Znj_=arFEY]kRrZ[X'j#¯ "hj_F¤¬Ak5NRTXFf²Qp_arF/PrPART@_F
sEXdaraTFUPSp!Xdj6qQFEjCsEF|ZnPRTX=^CPTFHkX'aTDkdY[Z]PSD Xm4Y]kmV!FEY]PE«!kdPpCaTX'p6X8PSFUqVON `%XmRSRrZ[F/an}Uu%¨¯Aº»j·RT@CZnPXdarDkdYÂ±
Z]PTD «:kY]kmV!FEYZnPKkdPrPTXOsEZnkmRTFUqRrXFUkdsl@·kmard^_DF/j'RhXm4ReNOp6F+sfX'jCPeRraT^6sRTX'arP/«QRr@_FWsEXdaraTFUPSp!XdjCq_FEjCsEFV6F/Z[j_
FE²Qp_aTFUPTPTF/qVON¸RT@_F k'sRWRT@CkmR¤Re¬iX¸kmard^_DFEj8RlPXmAReNOp6FReNOp6FsEXdjCPSRTar^CsfRTXdalP|@Ck5®'FRT@_FPTkdD+FYnkdV6F/Y<¯
?A@CFhPT^_VQReNOp_Znj_¤XdalqQF/a
≤
ZnPiV_^_ZnY[RbarXdD RT@_FhXdalqQFEa
≤K
X'jReNOp6FKsfX'jCPeRraT^6sRTX'arPbkmjCqarXdDRT@CF)Y]kmV!FEY]PE¯
5 X'aTDkmY#q_F/PrsfarZ[pQRrZ[X'jXdRr@_F|ReNOp6FPSRTar^CsRr^_aTF|Z]PAdZn®dF/jZnj  v4¨«_¬­@_F/aTFhRT@CF¤PeRraT^CsfRT^_arF/PAXdReNOp!F/P­kmj6q
ReNOp!F=sfX'jCPeRraT^6sRTX'arPkdaTF\8^Ck'PSZ[±Y]kRTRTZ]sfFUPE«Z<¯ Fd¯#p6kmaTRTZ]kmY3X'arqQF/arP|Znj ¬­@_Z]sl@¸Re¬X·FEYnFEDF/j'RlP@Ck5®'FkÊYnF/k'PeR
^Cp_p6F/a¤§arF/PTp#¯4darF/kmRTFUPeRAY[X¬FEaªbV6X'^_jCq ZÂ4kmj6qX'j_YnN=ZÂRT@CFEN@6k5®dF|kmj ^_p_p!FEaH§ aTFUPSp#¯4YnX¬FEaª3V!Xd^_j6q¯
O  Å  % $ ¼ È	$ /E % $ / ¾FfR
W
V!F¤kPSFERAXdi  ¦   6  [¦f«6X'a  r4	¦f»¦fl«_jCXmRTFUq α, β, . . . ¯ Fj_XdRTF
TW
Rr@_F¤PTFfRXmReNOp6FUP­V_^_ZnYÂRX'j
K ∪W
¯
! Ä#"$%  % È	$    PT^_VQReNOp_Znj_ÊsfX'jCPeRrarkdZ[j8R=]= +)(_¦ fm	
τ1 ≤ τ2
 - (_¦ET¦
τ1, τ2 ∈ TW
T¦<;36¨¦
  ¦+:   ¥ 6 <¥Q< m ρ : W → T PrkRrZnP )CF/P )(_¦ lClTmC τ1 ≤ τ2  :»¦r ρ |= τ1 ≤ τ2   
ρ(τ1) ≤ ρ(τ2)
:  (_¦W¥ 6   8¢rm_T6 τ1 ≤ τ2 ])PTkmRTZ]P )!kmV_YnF= )(_¦ET¦+¦('] Hl¥ 6 <¥Q  ρ¥ 4(Ê)(_m
ρ |= τ1 ≤ τ2
:
º»j7 v4¨«6PT^=sfZnFEj8RhsEXdjCqQZ[RTZnXdj6PXdj
(K,≤K)
kdaTF|dZn®dF/jÊXda­Rr@_FHqQFUsfZ]q_kmVCZ[YnZÂReN Xm%Rr@_FHPrkRTZ]P )6kmV_ZnYnZÂReN
Xd¤PS^_V_ReN8pCZ[j_ sEXdjCPSRTalkmZnj8RrPZnj \8^CkdPTZÂ±¨Y]kRSRrZnsEF/P/«RT@_Z]P=p_arXdVCY[F/D	Z]PPT@_X¬­j RTX  `4±¨sEXdDp_YnFfRrFd«kmj6q k
pCark'sRTZ]sEkdYkmYndXdarZ[RT@_D§ ^CPTF/qZ[j·PTF/sRrZ[X'jÊu'ªZnPA'Z[®'FEjXdasEXdDp_^QRrZ[j_FE²OpCY[Z]sfZ[R)PSX'Y[^_RTZnXdjCP/¯
<    8;: G0 G2*:ED 	 ?'< 	
 
º»jHXdalqQFEaRrXhPT^_p_p!XdaTRRr@_FbX®'FEarY[X8kdqQZnj_AXm!g¾`·^_jCsfRTZnXdjWkdjCq|p_arF/qQZ]sEkmRTFPSNODHV!XdY]P/«/¬Fik'PTPT^_DF4RT@6kRk
PTFfR
types(f/n)
Xm6ReNOp6FPrsl@_FEDFUPXdCRr@_FXdarD
∀ᾱ.τ1× . . .×τn → τ
Z]P4kdPrPSXQsEZnkmRTF/qRTX|F/k'sl@¤^_jCsfRTZnXdj
PTNODHV!XdY
f/n
§arF/PTp#¯pCaTFUqQZns/kRrFbPSNODWV6X'Y
p/n
ª«5¬­@_F/aTF
ᾱ
Z]P#Rr@_FAPSFERXm_p6kmalkmDFfRrFEalP#XQsEsE^_aTarZnj_ZnjReNOp6FUP
τ1, . . . , τn, τ
¯=?A@_F/PTF+PTFfRlP|XmiReN8p!F/PHkmarF+PT^_p_p!X'PTF/qwRTXÊV!F )C²OFUq«#X'a|Ff²_kmDp_YnF^CPSZnj_·qQFUsfY]kmalkRTZnXdj6P
pCaTX®OZ]qQF/q·VONÊRr@_Fp_aTX'dalkmDDFEaU¯  FkmY]PTX k'PTPT^_DF¤Rr@CkR|RT@CFWReNOp!FXm3Rr@_FsfXdj6PeRrarkdZ[j8R
= /2
Z]PKRT@_F
ReNOp!FWPrsl@_FEDF
∀α.α × α
¯ CXda)RT@_F+PTkd¹dF¤XdbPSZnDp_Y[Z]sfZ[ReNd«6RT@CF+\8^Ckdj'RrZ )!sEkRrZ[X'j
∀ᾱ
¬­ZnYnYV!FHX'D+Z[RSRrF/qwZ[j
ReNOp!FPTsl@CFEDF/P/«dFUkdsl@+XOs/sf^_ararFEjCsEFXd:kKReNOp!FPTsl@CFEDF­V6F/Z[jCaTF/jCkmDF/q+¬­Z[RT@+arF/PT@+p6kmalkmDFfRrFEalPE¯ _Xda3k
g©hosEXdjCPSRTalkmZnj8R
c/n
Xm6ReN8p!F
τ1×. . .×τn
«
types(c/n)
ZnP%qQF#)Cj_F/q+kdPRr@_F­PSZnj_dYnFfRrXdj
{τ1×. . .×τn}
¯
5 ReN8pCZ[j_­F/jO®8ZnarXdj_DFEj8R#Z]PkApCkdaSRrZnkdYdDkmpCp_Z[jC
Γ : V 7→ TW
«kmY]PTX­j_XmRrF/q
{X1 : τ1, . . . , Xn : τn}
¯
?A@CF)Xdp!FEalkRrZ[X'j
]
XdjReNOp_Znj_¤F/j8®OZnaTX'j_DFEj8RrP3ZnPqQF )6j_F/q=k'PbqQZ]P ceXdZnj'R^_j_ZnXdj#«'RT@6kRiZ]P
(Γ1 ]Γ2)(X) =
Γ1(X)
Z[
X ∈ dom(Γ1)
«
(Γ1]Γ2)(X) = Γ2(X)
ZÂ
X ∈ dom(Γ2)
«mkmj6q
(Γ1]Γ2)(X)
Z]P^CjCqQF )6j_F/q
XdRT@_F/aT¬­Z]PTFd¯
?kmV_YnF¤z¤'Z[®'F/PbRT@_F|ReNOp_Znj_+aT^CY[FUPbX'a)g¾#`%«ORTX'dFfRr@_FEaA¬­Z[RT@RT@_FKReNOp_Znj_aT^CY[FhXdaRT@CF|q_F/sfY]kmalkRrZ[X'j
label  with
¯­?A@_FReNOp_Znj_ar^_YnF/P­X'aKg¾#`arF/PTFEDWV_YnF|RT@_FWaT^_YnF/PXm3J·NQsfarXmR)kdjCq "  |F/FfF n}   ¬­ZÂRr@
88:94;<<=<
}5z  		6¥C¦f 43f¥C¦E  T	Um]  /¢'¦f
(Var)
X : τ ∈ Γ
Γ ` X : τ
(Sub)
Γ ` t : τ τ ≤ τ ′
Γ ` t : τ ′
(Func)
Γ ` t1 : τ1ρ . . . Γ ` tn : τnρ
Γ ` f(t1, . . . , tn) : τρ
ρ
Z]P­k+ReN8p!FPS^CVCPeRrZÂRr^QRTZnXdj
τ1 × . . . τn → τ ∈ types(f/n)
(Atom)
Γ ` t1 : τ1ρ . . . Γ ` tn : τnρ
Γ ` p(t1, . . . , tn) Atom
ρ
Z]P­k+ReN8p!FPS^CVCPeRrZÂRr^QRTZnXdj
τ1 × . . . τn ∈ types(p/n)
(Head )
Γ ` t1 : τ1ρ . . . Γ ` tn : τnρ
Γ ` p(t1, . . . , tn) Head τ1×...×τn
ρ
Z]PkWReNOp6FarFEj6kmDZ[jC
τ1 × . . . τn ∈ types(p/n)
(Clause)
∀σ ∈ types(p/n)
Γσ ` p(t1, . . . , tn) Headσ
Γσ ` B1 Atom . . . Γσ ` Bk Atom
` p(t1, . . . , tn)   B1, . . . , Bk Clause
(Label with)
Γ ` H Atom Γ ` G Goal
` label  with H if G Label  with
?kmV_YnF¤z*3?iN8p!FPSNQPSRTF/D Xdahg¾`ÁkdjCq
label  with
Rr@_F)k'q_qQZ[RTZnXdjXmPS^CVQReNOp_Z[jC¤kmjCq+X®dF/aTYnX'k'qQZnj_C¯ 5ÁpCaTFUqQZns/kRrFsEkmYnY
p(t1, . . . , tn)
§arF/PTp#¯k|j6kRTZn®dFsEXdjQ±
PSRTalkmZnj8RlªZnP -b¦E  0/»  ¦lHZ[jkReNOp_Znj_KFEjO®OZ[arXdjCD+F/j8R
Γ
ZÂ
Γ ` p(t1, . . . , tn) Atom
s/kmjWV6F­qQF/aTZn®dFUq|aTX'D
Rr@_FAaT^CY[FUPE¯35ÁsfY]km^CPTF
H   B
ZnP -b¦E  0/»  ¦lWZÂ
` H   B Clause
sEkmj+V!FqQFEarZ[®'F/q¤aTX'D1RT@_FAar^_YnF/P/¯
5½YnkdV6F/Y[Znj_=qQFUsfY]kmalkRTZnXdj
label  with H if G
Z]P­¬FEYnYÂ±ReNOp6FUq ZÂ
` label  with H if G Label  withs/kmjV!FhqQF/aTZn®dFUq¯?A@_F
(Sub)
ar^_Y[F)dZn®dF/P4RT@_F)PTFEDkdj'RrZns/P4Xm#PT^_VQReNOp_Znj_VONWFE²Qp_aTFUPTPTZnj_KRT@CkmRbZÂkKRrFEarD
t
@CkdPReNOp!F
τ
«_Rr@_FEjÊZ[R@CkdP­kdY[Y:ReNOp6FUPRT@CkmR)kmarF|darF/kRrFEaRT@6kmj
τ
¯
?A@_FWPSFERXm%aT^_YnF/PAXd%RrkmVCY[FUP|}¤kmjCq·zqQF#)Cj_F|RT@CFReNOp6F¤PTNQPeRrFED X'aKg¾#`A¿g©)o¯5 g¾#`¿g©ho
pCaTX'dalkmDµZ]P¤¬FEYnYÂ±ReNOp6FUq ZÂ)kdY[YiZÂRlPg©ho aT^CY[FUPE«4kmYnYbZ[RrP+sfY]km^6PSFUP¤kmjCq¼kdY[YiZÂRlPHY]kmV!FEYnZnj_wqQFUsfY]kmalkRTZnXdj6P
kdaTF¬FEYnY[±<ReNOp!F/q¯·?A@_FaT^_YnF
(CHR Atom)
sEkmj¼V!FPTFEF/j¼@CkdPWk·pCkmaTRTZ]sf^CYnkda¤sEkdPTF=XdAar^_YnF/P
(Atom)kdjCq
(Head)
«O¬­@_F/aTFRT@_F|PSNODWV6X'Y
p/n
@6kdPiXdj_YnNWX'j_FReNOp!FhPrsl@_FEDF¬­Z[RT@CXd^QR­kmjON+pCkmalkmDFfRrFEaU«d¬­@_Z]sl@
sEXdaraTFUPSp!Xdj6q_P3RrXRT@_FarF/PSRTarZ]sRTZnXdjRT@CkmR)k=g©)o°sfX'jCPeRrarkdZ[j8R­@Ck'PAXdj_YnN=XdjCFhReNOp!Fd¯
?A@_F¤q_ZnPSRTZnjCsRrZ[X'jÊV6FERe¬iF/FEj aT^_YnF/P
(Atom)
kdjCq
(Head)
FE²Qp_aTFUPTPTF/PiRr@_Fp_arZ[jCsEZ[pCY[F|Xmd¦ ;36< m!m 
¢8¦E!¦E f  n}'(¨«d¬­@_Z]sl@F/PSRrkdV_Y[Z]PT@_F/PRr@CkR4Rr@_F­ReNOp6F­Xd6Rr@_F­@_FUkdq+Xm:ksfY]km^CPTFADH^CPSR3V6F­FU\8^_Z[®kdY[F/j'R4RrXC«
^CpWRrXaTF/jCkmDZnj_|V_^QRbjCXmRbkmj+ZnjCPeRlkmjCsEF­Xme«dRT@_FqQFUsfY]kmarF/qHReNOp6FXd6Rr@_F­p_arF/qQZ]sEkmRTF'¯?A@_F­ar^_YnF
(Clause)ZnDp6X8PSFUPWRT@CkmRk sEYnkd^CPSF DH^6PeRV6F·¬FEYnY[±<ReNOp!F/q¼X'akmYnY­p6X8PTPTZ[VCY[FReNOp6FUPXmRr@_F·qQF )CjCF/q p_arF/qQZ]sEkmRTFd«
¬­@CZnsl@¼sEkdj V6FPTFEF/j kdP¤k·sEXdjCq_ZÂRrZ[X'j PTZnD+ZnY]kmaRrXyqQF )CjCZÂRrZ[X'jCkmYidFEjCFEarZnsEZÂReN·X'a¤X®dF/aTYnX'k'qQZnj_C¯=?A@_FUPSF
Re¬X·sfX'jCqQZ[RTZnXdjCPkdaTF^CPTFf^_Y3XdaRr@_FXdYnY[X¬­Znj_·PT^_VQceF/sfR¤aTFUqQ^CsfRTZnXdj¸RT@_F/XdarFEDµ¬­@_Z]sl@ Ff²Qp_arF/PrPSFUPKRT@_F
sEXdjCPTZ]PeRrFEjCsENHXm:Rr@_F­ReNOp6FhPSNQPSRTFED ¬­Z[RT@arFfFEarFEj6sfFARTX¤RT@_FX'p6F/arkmRTZnXdjCkdY_PSF/Dkmj8RTZ]sEPbXmg¾#`¿g©ho¯'º¨R
Z]Pip_aTFUsfFUqQF/qVONk¤YnFEDDk¤¬­@_Z]sl@Ff²Qp_arF/PrPSFUP4Rr@CkRZ[jkHqQFEarZ[®kmRTZnXdj=kmp6kmaTR3aTX'D
(Head)
Xda
(Clause)
«
Rr@_F|ReNOp6FUP­sEkdjV!F¤kmarV_Z[RTalkmarZ[YnNZ[j6PeRlkmj8RTZ]kRrF/q¯
@)A 8B@-C
  ¦  ¨¦
	fm#)£ }%
iÄ      m     8¢ ¦f  /Tm	¦f6
Γ
 f   M¥C/¢	¦EC
R
m )¦fr¦f6 lT4	
Head

Clause
:m    ¦¤¥ 6 <¥Q  ρ    Γ ` R )(_¦E Γρ ` Rρ :
   È#È4S  N=ZnjCqQ^6sRTZnXdjÊX'jRr@_F¤qQFEarZn®5kmRTZnXdj#¯

 ÄOÈ  Ä  & K¦E:¥O l_ '¦fA -b¦E  0/»  ¦l+#)£EK  Tr¢dT4	:'K¦f
〈F, E, D〉
m!
〈F ′, E′, D′〉
6 ¦+ -b¨m¨¦fW: Γ 6 ¦=  O¢y¦f  /r	¦ECA¥  (w)(_m Γ ` F, E, D Goal :   〈F, E, D〉 7−→
〈F ′, E′, D′〉
 -(C¦f )(_¦ET¦|¦('] )W  8¢¦E UT 	¦EC
Γ′
¥ 4()(_m
Γ′ ` F ′, E′, D′ Goal
:	
wr¦/
 5¦E   |)(_¦H<r_ ¸¥Q [¦|T¦4E¥QT¦HW¢m¥CmT
G
)(_¦E
Γ′ ` G Goal
:
   È#È4S  "hjCFKs/kmjÊsl@_F/sl¹Rr@CkRART@CF|k'PTPT^_DpQRrZ[X'jCPXmPTF/sfRTZnXdj _¯n}KkdaTF|sfX'aTarF/sfRbX'aART@_FKRT@CF|PTNQPeRrFED Xd
RlkmV_YnFKz_¯4J·XdarFEX®'FEaU«dkmjkmRTX'D sEXdaraTFUPSp!Xdj6qQZ[jC|RTXWkHp_arF/qQZ]sEkmRTFhs/kmYnY!kdjCq=kdjkRrXdD sfX'aTarF/PTp6X'jCqQZnj_|RTX
k+jCkmRTZn®dFsfX'jCPSRTalkmZnj'RkdaTFhReNOp6FUqZnj RT@_F¤PrkmDF|¬Ak5Nd¯4?A@_FEarFfX'aTF'«QVONRT@_F/XdarFED¶Q«_Z[Rr@_F|RTalkmjCPTZ[RTZnXdj ZnP
X'j_FXd O È -QP Ä!«R $ / È É  Ä+X'a O %  - % S<Åb«RT@_F/jRT@CFEarFFf²QZ]PeRlPbk|ReNOp_Znj_HF/jO®8ZnarXdj_DFEj8R
te′
PS^Csl@Rr@CkR
Γ′ ` F ′, E′, D′ Goal
kdjCq
Γ′ ` G Goal
Znj·sEkdPTF|Xmj_FEFUq¯
¾FfR)^CPhsfX'jCPSZ]qQF/a­RT@_F  $ S¨È -<É RrarkdjCPSZ[RTZnXdj¯  FHsEkdjykdPrPS^CD+F'«_¬­Z[RT@_X'^QRhYnX'PrP­Xm4'FEj_F/arkdY[Z[ReNd«QRr@CkR
H ′ = p(s)
kmjCq
H = p(t)
¯GOZ[j6sfF
Γ ` p(s) Atom
«QRT@_F/aTFFE²QZnPSRrP­k+ReNOp!F¤PTsl@_F/DF
τ ∈ types(p)
kdjCq
kPS^_V6PeRrZÂRr^QRTZnXdj
ρ
PT^Csl@ÊRT@CkmR
Γ ` s : τρ
¯KGOZ[j6sfF¤Rr@_FHpCaTX'dalkmD Z]P¬FEYnY[±<ReNOp!F/q«
` H   B Clause
«
Rr@O^CP4Rr@_FEarFFf²QZ]PeRlPbk|ReNOp_Znj_F/j8®OZnaTX'j_DFEj8R
Γτ
PS^Csl@Rr@CkR
Γτ ` B Goal
kdjCq
Γτ ` p(t) Head τ
«dRr@CkR
Z]P
Γτ ` t : τρr
¬­@_FEarF
ρr
ZnPik|aTF/jCkmDZnj_|Xm
τ
¯  NWp6X8PSZnj_
ρ′ = ρ−1r ρ
«Okmj6qWVONWY[F/D+Dk  C«d¬F­XdVQRlkmZnj
Γτρ
′ ` t : τρ
kdjCq
Γτρ
′ ` B Goal
¯  Nyp!X'PTZ[j_
Γ′ = Γτρ
′ ] Γ
«¬iFX'VQRrkdZ[j
Γ′ ` t = s Atom
¯
?A@O^CP
Γ′ ` B, F, E, s = t, D Goal
¯
¾FfR4^CP)CjCkdY[YnN¤sfX'jCPTZnqQF/aRr@_F­sEk'PSFXm:k  Q Ä - RrarkdjCPTZÂRrZ[X'j#¯GOZnDZ[Y]kmarYnN|RTXKRT@_F­s/kdPTFbXm6RT@_F $ S¨È - É
RrarkdjCPTZÂRrZ[X'j#«RT@CFEarFFE²QZnPSRrP3khReNOp_Znj_FEjO®OZnaTX'j_DFEj8R
Γ′
«8PS^6sl@WRr@CkR
Γ′ ` B, F, E, t = s, D
¯%GQZ[jCsEF
H ′
ZnP
kg©)o sfXdj6PeRrarkdZ[j8R/«
τ
qQXOFUPbj_XdRsEXdj8RrkdZ[jkdjONWpCkdarkdDFfRTF/a/«'RT@6kRAZnP
ρ′′
Z]P3Rr@_FhZ]qQF/j'RrZÂReNPT^_VCPSRTZ[RT^QRrZ[X'j#¯
 F­@Ck5®'F
H ′′ = p(u)
X'abPSX'DFiRrFEarD
u
¯%GOZnjCsEF
` label  with H ′′ if G Label  with
«mRr@_FEarF­Ff²QZ]PeRlP4k
ReNOp_Znj_|FEjO®OZnaTX'j_DFEj8R
Γlw
PT^Csl@WRT@CkmR
Γlw ` G Goal
kmjCq
Γlw ` H
′′ Atom
«dRT@CkmR3ZnP
Γlw ` u : τ
¯  N
p!X'PTZnj_
Γ′′ = Γ′ ] Γlw
«Q¬FKX'VQRrkdZ[j
Γ′′ ` s = u Atom
«
Γ′′ ` B, F, E, s = t, D
kmjCq
Γ′′ ` G Goal
«
kdjCqRT@O^CP
Γ′′ ` s = u, G Goal
¯

	 
 ¸A3E      ¶­
 l

?A@CF¤ReNOp6F+PSNQPSRTF/D X'a|g¾#`A¿g©)o1@Ck'P)V!FEF/jyZnD+pCY[F/D+F/j8RTF/qwkdP)kdjyFf²ORrFEjCPTZ[X'j·Xm4Rr@_FW?)g¾` PSXdRS±
¬AkmarF    ¨«b¬­@CZnsl@ ZnPk¸ReNOp6FÊsl@_FUsl¹dFEaWXda=sEXdjCPSRTalkmZnj8RWYnXd'Znsp_arXddalkmDDZnj_C¯6C^_aSRr@_FEarDXdarFk¸ReNOp6F
ZnjQF/aTF/jCsfF­kmYndX'aTZ[RT@CDPDkm¹'F/PZ[R3p6X8PTPTZ[VCY[FRTXZnjQF/a%ReN8p!F/PX'a4®kmarZnkdV_Y[FUP%kmjCqWXda4pCaTX'dalkmD°p_arF/qQZ]sEkmRTF/P
kd^QRTX'DkRTZ]sEkdY[YnNd¯º»jHkY]kRTRTZ]sfFbXdQReNOp6FUP¬­Z[RT@¤RTXdpHFEYnFEDFEj8R
term
@CX¬iF/®dFEaU«fRr@_FiReN8p!F
term×. . .×termZ]PbkdY[¬Ak5NQP4k|p6X8PTPTZnV_Y[FReN8p!F­X'a3p_arF/qQZ]sEkmRTF/P/¯3_XdabRT@_Z]P3arF/k'PSX'j#«dk|@_F/^_arZnPSRTZ]sAReNOp6F)Z[jQF/aTF/jCsfFhkmYndXdarZ[RT@_D
Z]P^CPTF/q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